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For simplicity, consider a standard six-velocity BGK model on a two-dimensional hexagonal lattice. Generalizations to more sophisticated lattice Boltzmann schemes are straightforward. The evolution equations for an ith channel ͑corresponding to one of the six directions for velocity͒ involve the occupation number f i ͓3͔
where is a relaxation parameter related to viscosity ͓1-4͔, and the equilibrium occupation numbers f i eq are
where ϵ͚ iϭ1 6 f i , and U ជ ϵ ͚ iϭ1 6 f i C ជ i are the equilibrium density and velocity at each lattice site, respectively, and 
͑3͒
where is an elastic coefficient and is a memory time. As the six-velocity BGK model adequately reproduces the Navier-Stokes equation for incompressible fluids ͑i.e., ٌ ជ •v ជ ϭ0), we consider this case. Then the viscoelasticity of the fluid can be taken into account by adding the Maxwell elastic stress as a body force F ជ el (r ជ ,t),
within the Navier-Stokes equation. In terms of the ChapmanEnskog expansion ͓3,4͔ this elastic term is of the same order as the standard viscous term. Hence, to reproduce the elastic term of Eq. ͑4͒ in the corresponding continuous NavierStokes equation, we must add its lattice equivalent to the relaxation term in the lattice Boltzmann equations Eq. ͑1͒
Here, F ជ el is calculated as in Eq. ͑4͒, but with discretized time
where ⌬ is the discrete Laplace operator for the hexagonal lattice
Equations ͑5͒-͑7͒ formally define our model. Thus, to include the Maxwell viscoelastic effects into the standard lattice Boltzmann method, one need only add a local vector field Eq. ͑6͒ to the standard BGK relaxation term Eq. ͑5͒, which is updated each time step for every lattice site r ជ .
To demonstrate viscoelasticity in the model, we first estimate the Fourier transform of the transverse velocity autocorrelation function S T ϵ͉͗Ũ y (k x ,)͉ 2 ͘, where the angular brackets denote an average, and
͑8͒
Note that k x ϭ2n/L, nϭϪL/2, . . . ,L/2, and ϭ2m/T, where mϭ1, . . . ,T. Here the sum on y corresponds to averaging Ũ y (k x ,) over the y coordinate. We use the following parameters in our simulation: relaxation parameter ϭ Ϫ1.5 ͓which corresponds to kinematic viscosity ϭ1/4 (Ϫ1/Ϫ1/2)Ϸ0.042], elastic coefficient ϭ0.3, memory time ϭ10, lattice of 256ϫ256 sites, maximum time T ϭ256, and random initial occupation numbers corresponding to average density per site ϭ1. The simulation results, averaged over 100 initial configurations, are presented in Figs. 1 and 2 for the lattice Boltzmann models with and without elastic effects, respectively. Two symmetric branches ϭ(͉k x ͉), clearly noticeable in Fig. 1 
Letting v(x,t)ϭv 0 exp(Ϫit)exp(ikx), and discarding exponentially decaying terms, gives
On separating the real and imaginary parts of k, Re(k) and Im(k), we have
͑11͒
We will consider propagating shear waves with small dissipation, so that the ratio
can be appreciable. Note that Re(k)/Im(k) is the dimensionless length of the elastic wave envelope. Naively, one can set 2 2 Ӷ, and choose a sufficiently large value of to make Re(k)/Im(k) as large as desired. However, systems with too small a viscosity and too large an elastic coefficient can be numerically unstable. For random initial conditions, or for small drive, we numerically determined that the domain of stability was roughly delimited by у0.04 and р10. For these conditions on viscosity and the elastic coefficient, the largest dimensionless length of the elastic wave envelope is approximately three, which occurs for Ϸ3. This gives the dimensionless maximum , in terms of frequency, with which the relevance to an experimental system can be determined.
To verify that our model reproduces this, we performed the following simulation. We considered a lattice of size 100ϫ100, with periodic boundary conditions in the x direction, and reflecting boundary conditions in the y direction. The reflection from the yϭ0 wall is periodically modulated. Therefore, the x components of the velocities after reflection were set proportional to cos(t). Simulations were performed for ϭϪ1.5 (Ϸ0.042), elastic coefficient ϭ0.3; memory time ϭ46 and the period of oscillation T corresponded to the theoretical maximum of Re(k)/Im(k).
The simulation results are presented in Fig. 3 . This shows the x component of velocity ͗U x (y,t n )͘ x,n , measured at the times t n ϭnT, for integer n, after averaging x and n. Results are shown for Tϭ2000 and ϭ920 ͑circles͒, and for T ϭ4000 and ϭ1840 ͑squares͒. These are compared to the theoretical result ͗U x ͘ϭA exp͓ϪIm(k)y ͔cos͓Re(k)y ͔, with Im(k) and Re(k) as calculated according to Eq. ͑11͒. The agreement is excellent for both values of . Finally, consider periodically driven fluid in a capillary. This permits a further quantitative test of our approach. We consider a system of size 9ϫ128, with stick boundary conditions for the long walls, and periodic boundary conditions for the short walls. A uniform time-periodic volume force F y ϭF 0 cos(t), directed along the longer walls, is applied to the fluid in the capillary. In the update scheme, Eq. ͑5͒ is implemented by adding the driving force F y (t) to the elastic force F ជ el in the relaxation term on the right-hand side of the lattice equation.
For a fluid with shear elasticity, there should be a resonance when the driving frequency coincides with the intrinsic oscillation frequency ⍀ of elastic media in the capillary. To characterize this resonance, we consider driven oscillations of the first Fourier harmonic of velocity in the direction of the applied force
where the integration over dy corresponds to averaging along the length of the capillary. In the presence of a volume force F y (t), a linearized Navier-Stokes equation yields
where qϭ/L x is the wave vector of the first harmonic.
Resonance is achieved when the absolute value of this expression has the maximum, i.e., when the second bracket in denominator vanishes ϭ⍀ϵ 1 ͱq 2 Ϫ1.
͑15͒
Furthermore, at resonance there should be no phase shift between the driving force and the induced oscillation, so that the ratio between the force and the oscillation amplitudes is real.
To check whether our model behaves as predicted, we performed a simulation using the following parameters: ϭ0.3, ϭϪ1.5, ϭ250, and F 0 ϭ0.001. The frequency of the drive was equal to ⍀Ϸ0.011, ⍀/2, and 2⍀. The measured values of the ṽ 1y are presented in Fig. 4 . After a short transient period the system approaches the steady-state. As anticipated, for resonant drive (ϭ⍀) the steady state amplitude of oscillation ṽ 1y Ϸ0.16; while for off-resonance drive, ϭ⍀/2 and ϭ2⍀, the amplitudes ṽ 1y are at least twice smaller. To investigate any possible phase shift between the drive and induced oscillations, we also plotted the driving force for the resonant frequency F(t)ϳcos(⍀t). One can observe that there is no visible phase shift between driving and induced oscillation. This confirms that the shear elastic resonance frequency of our model is well reproduced by the continuous expression Eq. ͑15͒. We also observe that FIG. 3 . Plots of the x component of the average velocity ͗U x (y,t n )͘ x,n measured at the times t n ϭnT, nϭ1, . . . , vs the distance form the driving wall y for ϭ0.042 and ϭ0.3. Simulation results for Tϭ2000, ϭ920 and Tϭ4000, ϭ1840 are shown by circles and squares, respectively. Solid lines correspond to theoretical results in the form ͗U x ͘ϭA exp͓ϪIm(k)y ͔cos͓Re(k)y ͔.
FIG. 4.
Amplitude of the first Fourier harmonic ṽ 1y as a function of time for different driving frequencies, ϭ⍀, ϭ2⍀, and ϭ⍀/2. Resonance is clearly apparent for ϭ⍀.
when the drive frequency is below or above the resonance frequency ⍀, the induced oscillations are phase delayed and phase advanced, respectively, which again follows from Eq. ͑14͒.
To conclude, we have proposed a simple yet versatile approach for incorporating viscoelastic effects into lattice Boltzmann simulations for a six-velocity two-dimensional BGK model. Through simulation and analysis for a variety of physical systems, the behavior of the proposed viscoelastic lattice Boltzmann model is qualitatively and quantitatively described by the continuous Navier-Stokes equations with Maxwell viscoelastic term. Hence, we conclude that our model indeed reproduces the Maxwell viscoelasticity for the incompressible fluid flow. Generalization to more sophisticated schemes, including three dimensions and highervelocity models is straightforward. This work was supported by the Natural Sciences and Engineering Research Council of Canada, and le Fonds pour la Formation de Chercheurs et l'Aide à la Recherche du Québec.
